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We consider the non-local traffic model introduced in [4, 8] to account for the reaction of drivers to downstream traffic conditions. It consists in the following scalar conservation law, where the traffic velocity depends on a weighted mean of the density: We make the following assumptions for k = 1, 2, 3: for all ϕ ∈ C ∞ c (R 2 ).
1
In this paper, we are interested in deriving regularity properties of solutions to (1.1) . To this end, we will consider approximate solutions satisfying the viscous and regularized non-local equation
where, for any ε ∈ ]0, 1], the smooth function ω ε is an extension of ω with the following regularities:
is non-negative with a support in [−ε, η + ε], is non-decreasing on [−ε, x ε ], for some x ε ∈ ] − ε, 0], is non-increasing on [x ε , η + ε] and ω ε = ω on [0, η]. We set W ε := ω ε (x ε ) and we assume that lim ε→0 W ε = ω(0). Without loss of generality we can assume W ε ≤ 2ω(0).
(1.5)
ε (−ε) = ω 4 Remark 1. Given ω satisfying (A k ω ), we can construct a function ω ε satisfying (A k ωε ) and (B k ωε ).
5
To construct such extensions, for example in the simplest case where the derivatives of ω vanish at 6 0 and η, we use the function ϕ which is zero for x ≤ −1, 1 for x ≥ 0, non-decreasing and of class 7 C ∞ and we define ω ε (x) = ω(0)ϕ(x/ε) for x < 0 and ω(0)ϕ((η − x)/ε) for x > η. 8 Notice that a similar approximation was used in [5] to establish a convergence property for the 9 singular limit where the (smooth) convolution kernel is replaced by a Dirac delta, in the viscous 10 case. Here, we will study the properties of smooth solutions ρ ε of this equation corresponding to a 11 fixed initial datum ρ 0 , and then we will recover properties for ρ passing to the limit as ε → 0.
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We have the following result.
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Theorem 1. We assume (A 2 ω )-(A 3 v ). Let ρ ε be a solution of (1.4) with initial datum ρ 0 . We
18
In particular, this provides an alternative proof of existence of weak solutions, locally in time.
19
To prove this result, in Section 2 we first establish estimates on the non-local term and we derive 20 L p (R), p > 1, estimates for ρ ε , then we get estimates in W 1,2N (R) for ρ ε with respect to x. This 21 allows to prove that there exists T > 0 such that the sequence ρ ε is uniformly bounded with respect
Then we prove uniform space estimates in W 2,2N (R) for ρ ε , which allows 23 to derive estimates on ∂ t ρ ε . The proof of Theorem 1 is deferred to Section 3. Here and in the following sections, we will denote by
and by
Moreover, notice that we have
Estimates of the non-local term 3
We start by proving the following estimates on the non-local term.
4
Proposition 1. 1. We assume (A 1 ωε ) and that ρ is a continuous function. For any (t,
we obtain
using Hölder's inequality with q = p/(p − 1) the conjugated exponent of p. Similarly
then we get the announced formula. 3. Remark that, since ω ε (−ε) = ω ε (η + ε) = 0, we have
then applying 2., we get
L p estimates for the viscous case 3
We turn now to estimates on solutions solving the viscous and regularized non-local equation. First,
4
we deal with L p estimates.
5
Proposition 2. We assume
Proof. The equation (1.4) can be rewritten as
Multiplying (2.4) by ρ p−1 ε , then integrating with respect to x, we obtain
We observe that
We use (2.1) to control the right hand side of (2.5) and we get
By integration of (2.7) with respect to t ∈ [0, T ], we get
We turn now to Sobolev estimates. Let N ∈ N * and set p = 2N .
3
Proposition 3. We assume (A 2 ω )-(A 2 v ). Let ρ ε be the solution of (1.4) with initial datum
Proof. We differentiate (2.4) with respect to x, it gives
Multiplying this relation by (∂ x ρ ε ) p−1 , then integrating with respect to x, we have
Notice that
and, since p is even,
We estimate now each of these terms.
• By (2.1) we get
• Again by (2.1) we get
where we have used Young's inequality uv
• Similarly,
We now observe that
for any u, v, w > 0 and p > 0. (2.11) Indeed, from the binomial expansion we get
Observing that u k v l w p−k−l ≤ u p + v p + w p and that
Estimate (2.2) of Proposition 1 and inequality (2.11) give
These bounds give finally the estimate
and C ε,p 
(2.14)
Integrating (2.14) with respect to t on [0, T ], we get
With the previous estimates, we are now able to prove an L ∞ bounds for the sequence {ρ ε } ε on an
Proposition 4. We assume (A 2 ω )-(A 2 v ). Let ρ ε be the solution of (1.4) with initial datum ρ 0 ∈ H 1 . Then there exists a constantT
and this sequence is uniformly bounded in these spaces with respect to ε.
7
Proof. Let ρ ε be a smooth solution of (1.4) with the same initial datum ρ 0 ∈ H 1 . The relation 8 (2.13) for N = 1 gives
for some constant C that does not depend on ε (since W ε is uniformly bounded). If no uniform L ∞ -bound on ρ ε is available, we can use the Sobolev injection of
eventually updating the constant C. We set u ε (t) = ρ ε (t, ·) 2
We obtain
Notice that the initial datum is the same for all the sequence and then u 0 and C 0 do not depend on ε. Setting T <T := − ln C 0 C , we have To pass to the limit, we need also estimates in W 2,p , which will provide, in the next section, with 4 the help of the equation, the necessary regularity in time. As in Section 2.3, let N ∈ N * and set 5 p = 2N .
6
Proposition 5. We assume (A 2 ω )-(A 3 v ). Let ρ ε be the solution of (1.4) with initial datum
and this sequence is bounded in these spaces with respect to ε.
7
Proof. We differentiate (2.10) with respect to x, which gives
Multiplying this relation by (∂ 2 xx ρ ε ) p−1 , then integrating with respect to x, we obtain
2
• Using (2.1) and Young's inequality, we get
using the inequality 
•
where
is bounded with respect to ε thanks to Proposition 4 and 1.5. Since an inequality of the form
implies the estimate
we get the estimate In this section, we pass to the limit as ε → 0 and we show that the limit function ρ satisfies equation
(1.1).
3
Using Proposition 2, the sequence {ρ ε } ε is bounded in L ∞ ([0, T ], L 2 (R)). Using Proposition 3, the sequence {∂ x ρ ε } ε is bounded in L ∞ ([0, T ], L 2 (R)). Using Propositions 1 and 4, the sequences v(ρ ε * ω ε ) ε , v (ρ ε * ω ε ) ε and ∂ x (ρ ε * ω ε ) ε are bounded in L ∞ ([0, T ] × R). Then
is bounded in L ∞ ([0, T ], L 2 (R)). Using Proposition 5, we also have a bound with respect to ε for ∂ 2 xx ρ ε in the space L ∞ ([0, T ], L 2 (R)), then
uniformly with respect to ε. In particular, ρ ε ∈ C([0, T ], L 2 (R)) and the sequence is bounded in implying that ρ is a solution of (1.1).
10
(electronic), 2006.
